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Abstract

Systematic calculations of fission barriers, are performed for even-even pre-actinide

nuclei, in the range of proton numbers 80 ≤ Z ≤ 86 and neutron numbers 94 ≤

N ≤ 148, within covariant density functional theory. Our calculations are carried

out in the relativistic-Hartree-Bogoliubov framework, based on density-dependent

zero and finite range interactions, imposing axially symmetric deformations.

The saddle-point and ground-state energies, are determined from potential en-

ergy curves, defined by the elongation deformation parameter β2. The barriers

heights Bf are calculated, as the difference between the highest saddle-point and

the ground-state energy. The observed fission barriers heights and positions, are

independent of the choice of parametrization, for all of the nuclei in question.

Comparisons with experimental data and different theoretical calculations are also

shown.

The tabulated barriers in this investigated region are from 3.8 to 20.8 MeV. Only

for Hg (98 ≤ N ≤ 102) and Pb (N = 178, 180), more than one saddle point has

been observed, while the rest Hg, Pb, Po and Rn isotopic chain show a single

barrier.

in the whole region of considered nuclei, the same data trends are observed. For a

given value of Z, we observed a saddle point emergence to a lower deformation, as

N increases, with some isotopic variation at the end of each isotopic chain. The

barrier height increases with N, the highest barrier is obtained at N = 126, then

with increasing N the barrier fall to a minimum at around N = 140. While the

height of the barrier remains remarkably constant as Z increase, for a given value

of N.
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The comparison with experiment covers only few number of isotopes, in this re-

stricted region. The largest discrepancy with the experimental data, is obtained

for Hg isotopes, the agreement is better for Pb, Po and Rn isotopes.
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1

Chapter 1

Introduction

Early calculations of fission barriers were based on the macroscopic-microscopic

(MM) framework. In this framework, the total potential energy of a nucleus is

calculated as the sum of a macroscopic term and a microscopic term. The MM

approach has been used with remarkable success, to calculate fission barriers of ac-

tinide nuclei [1–5]. Most of these calculations, that emphasize on the fission barrier

of heavy elements, have been performed only for a limited number of nuclei. Also,

nor mass asymmetric neither axially asymmetric shape distortions were included.

the calculations of Refs.[1] and [5] were in good agreement with fission-barrier data

in the actinide region.

In the study of Ref.[4], 1125 neutron-rich nuclei in the heavy-element region, with

76 ≤ Z ≤ 100 and 140 ≤ N ≤ 184, were of interest in connection with the MM

model. Odd nuclei were included, and the effects of mass-asymmetric and axially

asymmetric shape distortions were also taken into account.

Soon afterwards, in 1984, H.Stroher et al. [6] enabled to deduce fission barriers

for a number of pre-actinide nuclei form electrofission experiments. The work was
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intended to experimentally test the theoretical predictions, based on MM models

on the fission of 182,184,186W, natPt and 209 Bi nuclei. This was possible by measuring

absolute electrofission cross sections σef in the energy range between 25 and 55

MeV.

The subsequent studies [7–14] then extended to account for fission barrier heights

in other regions of nuclear masses, such as pre-actinidde region. In Ref.[7], Moller

et al. presented calculations of nuclear ground-state masses and deformations,

permeated by a calculation of heights of the outer peak in the fission barrier of

28 nuclei, including pre-actinide nuclei, based on an improved MM model. This

model successfully account for fission barrier heights of all of these nuclei.

In nuclear fission, the nucleus deform to separate into two fragments. Calculations

of fission barriers need the determination of the total nuclear potential energy, with

different nuclear shapes. A large deformation space, with five shape degrees of free-

dom corresponding to elongation, neck radius, left-fragment shape, right-fragment

shape, and the asymmetry of the mass division, have been used to calculate fission

barriers, in different nuclear mass regions [8–11], instead to one with 3 degrees of

freedom, previously used to determine the locations and heights of the fission sad-

dle points [7]. Moreover the calculation of Ref.[11], was performed from 70Se to

252Cf, taking into account a higher-dimensional deformation space with over 10000

times as many deformation points as in previous calculations. Such a calculation

found that the saddles for a given nucleus, are lower than those found in early

(1995, 2000) studies [8, 10], with the same model parameters.
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There have already been a number of models for the nuclear potential energy.

A self-consistent mean-field (SMF) model using effective forces, for example, a

Hartree-Fock (HF) or Hartree-Fock-Bogolyubov (HFB) model with Skyrme or

Gogny effective interactions [15, 16], have been presented in the past decades.

However, it was difficult to locate a reliable saddle-point configuration in SMF

models. In an attempt to make a reliable fission barriers calculation, Mamdouh

et al. developed The first systematic microscopic calculation [17], which is based

on the ETFSI (extended Thomas-Fermi plus Strutinsky integral), a high-speed

approximation to the Skyrme-HF method, with pairing treated in the BCS ap-

proximation. This calculation involved large number of barriers, for nuclei in the

range of proton numbers 66 ≤ Z ≤ 100 and neutron numbers 94 ≤ N ≤ 157,

assuming axially symmetrical deformations. The ETFSI method then has been

extended to include triaxiality. Such calculation was carried out for all of the

nearly 2000 nuclei in the range of proton numbers 84 ≤ Z ≤ 120, including all the

neutron-rich nuclei up to A = 318 [18].

There exist, of course, many self-consistent mean-field calculations for fission bar-

riers: Three effective ones are, [19, 20] and [21]. The latter giving a large-scale

fission barrier calculations within the Skyrme-Hartree-Fock framework, in pre-

actinide and actinide regions. A large set of Skyrme interactions was used, to see

how well a force affect the barrier heights. In this investigation, axial symmetry

was imposed with quadrupole, octupole, and hexadecapole degrees of freedom, but

reflection asymmetry was allowed.
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Another important calculation, is the one preformed by Moller et al. in 2009 [12].

The barriers are calculated in the macroscopic-microscopic finite-range liquid-drop

model(FRLDM), for 1585 nuclei throughout the periodic table, including the pre-

actinide nuclei. Within the macroscopic-microscopic approach, Kowal et al. [22]

calculated fission barrier heights Bf for even-even heavy and superheavy nuclei, to

determine their survival probability against spontaneous fission. Higher nonaxial

and reflection-asymmetric degrees of freedom were considered, in contrast to SHF

models.

However, developments in the area of nuclear fission, show that these earlier studies

can now be improved due to three reasons: The advances in computation power

at hand, the technology we have to produce more experimental data, and the vast

models that scientists develop. For example, Moller et al. [23] enabled to extend

their calculation and tabulate barriers for 5239 nuclides, for all nuclei between the

proton and neutron drip lines in the mass range 171-330, exactly as described in

Ref.[12]. The saddle-point heights were determined from potential-energy surfaces,

based on millions of shapes. This was a problem when they started this type of

calculation in 1999 [9]; now it not.

As we have already discussed, the investigation of fission barriers, in the pre-

actinide region were performed in the following frameworks: microscopic+macroscopic

(MM) methods [7, 9, 11, 12, 23], the extended Thomas-Fermi plus Strutinsky in-

tegral (ETFSI) method [17, 18], and the Skyrme-Hartree-Fock framework [21].
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Recently, the current works in nuclear fission process emphasis on heavy and su-

perheavy nuclei (Z ≥ 100) within the frameworks of the microscopic + macro-

scopic method [23, 24], and covariant density functional theory (CDFT) [25–28].

The later approach was employed to replace the non relativistic energy density

functionals (EDF) methods [29, 30], previously used, built on Lorentz covariance

and the Dirac equation, leading to realistic description for fission barriers for such

nuclei. For example, within covariant density functional theory, H Abusara et al.

[25] presented the first systematic investigation of triaxial fission barriers, in the

actinide region. It was found that the height of the inner fission barrier is re-

duced due to triaxial deformations by 1−4 MeV. These results were in reasonable

agreement with data comparable with MM calculations.

Two years later, H Abusara et al. [26] then extrapolated to even-even superheavy

nuclei with z = 112 − 120. This was also the first systematic investigations of

fission barriers in superheavy region within covariant density functional theory,

taking into account the triaxial deformation. Three different classes of models with

parameterizations NL3*, DD-ME2 and DD-PC1 were used in the calculations.

In the present work, we apply covariant density functional theory (CDFT) within

relativistic-Hartree-Bogoliubov (RHB) framework, based on NL3*, DD-ME2, and

DD-PC1 forces, to obtain potential energy curves (PEC) and barrier heights Bf ,

in the pre-actinide region for Hg, Pb, Po and Rn isotopes. The main purpose is to

perform new calculations of fission barriers in this investigated region. The new

results are compared with the available experimental data and other theoretical

approaches results. An additional goal is to see how the choice of the specific
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CDFT model influencing the barrier heights.

This thesis is outlined as follows: CHAPTER 2 deals with CDFT models in the

RHB framework, and the details of the numerical calculations. In CHAPTER

3, we deliver PEC, barrier heights, and a comparison of calculated data to the

experimentally and theoretically known cases of Hg, Pb, Po, and Rn isotopes,

respectively. Conclusions are given in CHAPTER 4.
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Chapter 2

Formalism

2.1 Covariant Density Functional Theory (CDFT)

The Covariant Density functional Theory is widely used in the field of nu-

clear structure. The CDFT [31, 32] is one of the most successful theories, for a

microscopic description of the nuclear structure properties, such as binding energy,

radii, and deformation parameters. Based on ideas of effective field theory, non-

linear interactions between the fields are introduced to parameterize the density

dependence of the energy functional.

Different models have been developed, that reproduce the same observed nuclear

properties. The three models we treat here are: the nonlinear meson nucleon

coupling model (NL), the density-dependent meson nucleon coupling model (DD-

ME), and a density-dependent point coupling model (DD-PC). The interaction in

the first two models has a finite range, while the third model uses zero-range in-

teraction [33–36]. The mesons are absent in the density-dependent point coupling
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model. The density dependence is explicit in the last two models, while it shows

up via the non- linearity in the σ-meson in the nonlinear meson-nucleon coupling

model.

2.2 Lagrange density and field equations

In this formulation, we starts with Lagrangian density, the nucleons are treated as

Dirac spinor ψ, interacting via the exchange of point-like particles, called mesons

( scalar σ, vector ω, and vectorρ) and photon fields.

The total Lagrangian density for nucleons and mesons L is :

L = LfreeNucleon + LfreeMeson + LintNM (2.1)

LfreeNucleon denotes the Lagrangian of the free nucleon

LfreeNucleon = ψi(iγ
µ∂µ −M)ψi (2.2)

LfreeMeson is the Lagrangian for the free meson fields and electromagnetic field

LfreeMeson = −1

2
∂µσ∂µσ − U(σ)− 1

4
ΩµνΩµν +

1

2
m2
ωω

µωµ

−1

4
RµνRµν +

1

2
m2
ρρ
µρµ −

1

4
F µνFµν

(2.3)
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LintNM contains the nucleon-meson interaction terms

LintNM = −gσψiψiσ − gωψiγµψiωµ − gρψγµτψiρµ − eψiγµ
1 + τ3

2
ψiAµ (2.4)

The above equations contain the nucleon mass M , the meson masses, mσ , mω,

and mρ, and the coupling constants gσ, gω, and gρ. e is the charge of the protons

and it vanishes for neutrons.

τ(τ3) denotes isotopic spin (third component of τ) for the nucleon spinor, τ3 is −1

for a neutron and +1 for proton. The field-strength tensors Ωµν , Rµν corresponding

to the ω and ρ mesons, and the tensor F µν corresponding to the electromagnetic

field, appearing in the Lagrangian are given by

Ωµν = ∂µων − ∂νωµ (2.5)

Rµν = ∂µρν − ∂νρµ (2.6)

F µν = ∂µAν − ∂νAµ (2.7)

The field equations result from the Euler-Lagrange equations

∂µ (
∂L

∂(∂µΦ)
)− ∂L

∂Φ
= 0 , (2.8)
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where Φ can be substituted by ψ, ψ, σ, ωµ .

We obtain the Dirac equation in the medium:

[γµ(i∂µ − gωωµ)− (M − gσσ)]ψ = 0 (2.9)

And the meson-field equations :

1. The Klein-Gordon equation with a source-term :

(∂µ∂
µ +m2

σ)σ = gσψψ (2.10)

2. The Proca equation with a source-term ≡ massive Maxwell equation :

∂νΩµν +m2
ωωµ = gωψγµψ (2.11)

2.2.1 The meson-exchange model

In the meson-exchange model, we treat protons and neutrons as point like particles,

interact by the exchange of σ, ω and ρ mesons, and the photon [37, 38]. These

mesons are characterized by three quantum numbers; spin (J), parity (P) and

isospin (T) as the following :
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1. scalar σ-meson (iso-scalar), with quantum numbers (J = 0, T = 0 , P =1),

and it cause a strong attractive central force.

2. vector ω-meson (iso-scalar), with quantum numbers (J=1, T=0, P=-1), and

it cause a strong repulsive central force.

3. vector ρ-meson (iso-vector), with quantum numbers (J=1, T=1, P=-1), and

it couple to the iso-vector current.

The general form of the relativistic Lagrangian density describes the nuclear sys-

tem :

L = ψ[γµ(i∂µ − gωωµ − gρ~ρµ · ~τ − eAµ)−M − gσσ]ψ

+
1

2
∂µσ∂µσ −

1

2
m2
σσ

2 − 1

4
ΩµνΩ

µν +
1

2
m2
ωω

µωµ

− 1

4
~Rµν · ~Rµν +

1

2
m2
ρ~ρ
µ · ~ρµ −

1

4
FµνF

µν

(2.12)

The Lagrangian (2.12) contains as parameters, the meson masses mσ,mω, and mρ,

the coupling constants gσ, gω, and gρ, and the charge of the protons e.

In this model, to treat the density dependence, Boguta and Bodmer [39] introduced

a density dependence via a non-linear meson coupling, replacing the mass term

1
2
mσσ

2 in Eq.(2.12) by a quartic potential given by :

U(σ) =
1

2
mσσ

2 +
1

3
g2σ

3 +
1

4
g3σ

4 (2.13)
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A self-interacting ω-meson, replacing the mass term by a quadratic a potential of

the form :

U(ωµ) =
1

2
m2
ωω

2 +
1

4
c3ω

2 (2.14)

And a self-interacting ρ mesons, replacing the mass term by the same quadratic a

potential :

U(ρµ) =
1

2
m2
ρρ

2 +
1

4
c3ρ

2 (2.15)

The parameters g2, g3 and c3, in the equations above, are adjusted to the surface

properties of finite nuclei. The nonlinear meson-nucleon coupling is represented

by the parameter set NL3* [40] given in Table 2.1.

The density dependent meson-nucleon coupling model has an explicit density de-

pendence for the meson-nucleon vertices. The coupling constant dependence is

defined as :

gi(ρ) = gi(ρsat)fi(x) , (i = σ, ω, ρ) (2.16)

i can be any of the three mesons σ, ω, and ρ, where the density dependence for σ

and ω is given by :

fi(x) = ai
1 + bi(x+ di)

2

1 + ci(x+ di)2
(2.17)
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And for the ρ meson is given by :

fρ(x) = e−aρ(x−1) (2.18)

x is defined as the ratio between the baryonic density ρ at a specific location, and

the baryonic density at saturation ρsat, in symmetric nuclear matter.

The eight parameters are not independent, but constrained as follows: fi(1) = 1,

f
′′
σ (1) = f

′′
ω (1), and f

′′
i (0) = 0. These constrains reduce the number of independent

parameters, for density dependence to three. In our study this model is represented

by the parameter set DD-ME2 [41] given in Table 2.1.

Table 2.1: NL3* and DD-ME2 parameterizations in RMF Lagrangian. Note
that gσ = gσ(ρsat), gω = gω(ρsat) and gρ = gρ(ρsat) in the case of the DD-ME2

parametrization.

Parameter NL3∗ DD-ME2
m 939 939
mσ 502.5742 550.1238
gσ 10.0944 10.5396
g2 -10.8093 -
g3 -30.1486 -
aσ 0.00000 1.3881
bσ 0.00000 1.0943
cσ 0.00000 1.7057
dσ 0.00000 0.4421
mω 782.600 783.000
gω 12.8065 13.0189
aω 0.00000 1.3881
bω 0.00000 0.9240
cω 0.00000 1.4620
dω 0.00000 0.4775
mρ 763.000 763.000
gρ 4.5748 3.6836
aρ 0.00000 0.5647
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2.3 The point-coupling model

In the point coupling models, the nucleons only interact with each other through

effective interaction point, without exchanging mesons.

The Lagrangian for the density point coupling model [42, 43] is given by :

L = ψ̄ (iγµ∂
µ −M)ψ − 1

2
αS(ρ̂)

(
ψ̄ψ
) (
ψ̄ψ
)
− 1

2
αV (ρ̂)

(
ψ̄γµψ

) (
ψ̄γµψ

)
− 1

2
αTV (ρ̂)

(
ψ̄~τγµψ

) (
ψ̄~τγµψ

)
− 1

2
δS
(
∂vψ̄ψ

) (
∂vψ̄ψ

)
− eψ̄γµA

µ (1 + τ3)

2
ψ (2.19)

Eq.(2.19) contains the free-nucleon Lagrangian, the point coupling interaction

terms, and the coupling of the proton to the electromagnetic field. This model

contains isosclar-scalar, isoscalar-vector, and isovector-vector interactions.

The coupling constant dependence is defined as :

αi = ai + (bi + cix)e−dix , (i = S, V, TV ), (2.20)

where x = ρ/ρsat, ρsatdenotes the nucleon density at saturation in symmetric

nuclear matter. In our study this model is represented by the DD-PC1 parameter

set given in Table 2.2.
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Table 2.2: DD-PC1 parameterization in RMF Lagrangian.

Parameter DD-PC1
m 939
aσ -10.04616
bσ -9.15042
cσ -6.42729
dσ 1.37235
aω 5.91946
bω 8.86370
dω 0.65835
bρ 1.83595
dρ 0.64025

2.4 Hamiltonian density and the solution

of the CDFT equations

The Hamiltonian density, corresponding to the Lagrangian density in Eq.(2.12) is:

H(r) =
∑
m

πmφ̇m − L(r) (2.21)

Where φm = (ψ, σ, ωµ, ~ρµ, Aµ), and πm is the conjugate momentum for the field

πm =
∂L
∂φ̇m

(2.22)

To obtain the Hamiltonian, we integrate this density over space

H =

∫
∂3rH(r) (2.23)
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The total Hamiltonian density for nucleons and mesons H is :

H = HNucleon +HMeson +Hint (2.24)

These are given by

HNucleon = ψ̄(α · π + βm)ψ (2.25)

HMeson = Hσ +Hω +Hρ

= [−1

2
σ∆σ + Uσ(σ)]

+[
1

2
ωµω

µ − Uω(ω)]

+[
1

2
~ρµ∆ ~ρµ − Uρ(ρ)]

(2.26)

HPhoton =
1

2
AµA

µ (2.27)

Hint = (gσσψ̄ψ + gωωµψ̄γ
µψ + gρ ~ρµψ̄γ

µ~τψ + e(
1 + τ3

2
)Aµψ̄γ

µψ) (2.28)

In the Haretree method, the stationary single-nucleon Dirac equation for the nu-

cleons is :

ĥDψi = εiψi (2.29)
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With the Dirac Hamiltonian

ĥD = α(−i∇− V (r)) + V0(r) + β(m+ S(r)) (2.30)

The Hamiltonian contains the attractive scalar field S(r)

S(r) = gσσ(r) (2.31)

The magnetic potential V(r)

V (r) = gωω(r) + gρτ3ρ(r) + e
1 + τ3

2
A(r) (2.32)

And the repulsive time like component of the vector V0(r)

V0(r) = gωω0(r) + gρτ3ρ0(r) + e
1 + τ3

2
A0(r) (2.33)

The corresponding mesons Fields and the electromagnetic field are determined by

the Klein-Gordon equations :

(−∇2 +m2
σ)σ(r) = −gσρs(r)− g2σ2(r)− g3σ3(r) (2.34)

(−∇2 +m2
ω)ω0(r) = gωρν (2.35)

(−∇2 +m2
ω)ωµ(r) = gωjµ (2.36)
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(−∇2 +m2
ρ)ρ0(r) = gρρ3 (2.37)

(−∇2 +m2
ρ)~ρµ(r) = gρ~jµ (2.38)

−∇2A0(r) = eρp(r) (2.39)

−∇2Aµ(r) = eρpµ(r) (2.40)

The source terms (nuclear currents and densities) appearing in the above

equations are :

The scalar density

ρs(r) =
A∑
i=1

ψ̄i(r)ψi(r) (2.41)

The baryon density

ρν(r) =
A∑
i=1

ψ+
i (r)ψi(r) (2.42)

The isovector density

ρ3(r) =
A∑
i=1

ψ+
i (r)τ3ψi(r) (2.43)



19

The charge density

ρp(r) =
A∑
i=1

ψ+
i (r)(

1 + τ3
2

)ψi(r) (2.44)

The baryon current

jµ(r) =
A∑
i=1

ψ̄i(r)γµψi(r) (2.45)

The isocurrent

~jµ(r) =
A∑
i=1

ψ̄i(r)γµ~τψi(r) (2.46)

To simplify the resulting equations of motion, time reversal symmetry is imposed.

This makes the space like components of the fields disappear, and thus there are

no currents. Due to charge conservation, only the 3-component of the isovector ρ

survives [44].

For the ω meson, the interaction is attractive for all combinations (pp, nn, pn),

and for ρ mesons it is attractive for pp and nn currents, but repulsive for pn

currents [35].
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The occupation probabilities ni for the state i, in the absence of pairing is given

by :

ni = 1, εi ≤ εf

= 0, εi > εf

(2.47)

Here, εi is the single particle energy of the state i, and εf is the Fermi energy.

The resulting total energy is then given by

E[ψi, ψ̄i, σ, ω
0, ρ03, A

0] =

∫
∂3rH(r)

=
A∑
i=1

∫
∂3rψ+

i (−iα∇+ βm)ψi

+
1

2

∫
∂3r((∇σ)2 + U(σ))− 1

2

∫
∂3r((∇ω0)2 +m2

ωω
02)

−1

2

∫
∂3r((∇ρ0)2 +m2

ρρ
0
3
2
)− 1

2

∫
∂3r(∇A0)2

+

∫
∂3r(gσρsσ + gωρνω

0 + gρρ3ρ
0
3 + eρpA

0)

(2.48)

Using the Klein-Gordon equations Eqs.2.34,2.35,2.37,2.39 we obtain the

total energy

E =
A∑
i=1

εi −
1

2

∫
∂3r(gσρsσ +

1

3
g2σ

3 +
1

2
g3σ

4 + gωρνω
0 + gρρ3ρ

0
3 + eρpA

0)(2.49)
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2.5 Pairing correlations

The Pairing correlations was first investigated by Cooper et al. for infinite nuclear

matter, using BCS approach [45]. The BCS model then has been successfully

applied in nuclear structure, with mean field models such as Skyrme-HF, Hartree-

Fock-Bogoliubov [46] and Relativistic Mean Field [38]. According to the shell

model, the energy states are grouped into different shells and there is a large sepa-

ration between these shells. Nuclei with closed shells are having magic number of

protons and neutrons. Pairing correlations involve the formation of proton-proton

(pp), neutron-neutron (nn) and proton-neutron (pn) pairs. The last correlations

are important in nuclei with the protons and neutron moving in the same open

shell. The BCS model is formulated in terms of the Bogoliubov quasiparticles

defined as

αk =
∑
n

UnkC
+
n + VnkCn (2.50)

The quasiparticle operators αk, α
+
k is the single-nucleons creation and annihila-

tion operators. U,V are the Hartree-Bogoluibove wave function determined by

variational method, and n is the index refers to original basis.
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Within relativistic Hartree-Bogoliubov (RHB) theory, pairing correlations are de-

scribed by a density functional

ERHB[ρ̂, k̂] = ERMF [ρ̂] + Epair[k̂] (2.51)

ρ̂ is the relativistic single particle dentiy matrix ρ̂ and k̂ is the pairing-density

ρnn′ =< φ|C+
n Cn|φ > (2.52)

knn′ =< φ|CnCn|φ > (2.53)

Where |φ > is the Slater determinate represents the vacuum with quasiparticle.

The RMF density functional ERMF [ρ̂] is

ERMF =
A∑
i=1

∫
d3rψ+

i (αp+ βm)− 1

2
(∇A)2 +

1

2
e

∫
d3rjµpAµ +

1

2

∫
d3r[αsρ

2
s + ανjµj

µ + αTV ~jµ · ~jµ + δρsρs] (2.54)

And the pairing energy Epair[k̂] is

Epair[k̂] =
1

4

∑
n1n1

′

∑
n2n2

′

kn1n
′
1
< n1n1

′|V PP |n2n2
′
> kn2n2

′ (2.55)

where < n1n
′
1|V PP |n2n

′
2 > is the matrix element of the two body interaction.

V pp(r1, r2, r
′

1, r
′

2) = −Gδ(R−R′
)P (r)P (r

′
) (2.56)
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R =
1√
2

(r1 + r2) (2.57)

r =
1√
2

(r1 − r2) (2.58)

P (r) = (
1

4πa2
)3/2 exp

−r2

2a2
(2.59)

The RHB-coefficients U and V are obtained by the variational :

 hD −M − λ ∆

−∆∗ −hD +M + λ


 Uk

Vk

 = Ek

 Uk

Vk

 (2.60)

hD is the single-nucleon Dirac Hamiltonian given in Eq.(2.29), λ is the chemical

potential determined by the average particle number, M is the nucleons mass, and

∆ is the pairing field

∆n1n
′
1

=
1

2

∑
n2n

′
2

< n1n
′

1|V PP |n2n
′

2 > kn2n
′
2

(2.61)

Ek is the quasiparticle energy , and

 UK

VK

 is the corresponding eignvector.



24

2.6 Nuclear deformations

The deformation of the ground state(the nuclear shape), is one of the funde-

mental properties of an atomic nucleus, along with its mass and radius.

Beginning from the ground-state nuclear shape, a nucleus can take different shapes;

spherical, quadrupole (prolate, oblate), and higher order multipole deformed shapes

are all possible [23, 47], even though the quadrupole deformed shapes are mostly

discussed. The coexistence of different shapes at the same spin and energies is also

possible [48, 49]. Coulomb repulsion between protons, the shell structure of nu-

clei and and pairing correlation are all responsible for the variety of nuclear shapes.

Nuclear deformation is expressed in terms of the shape parameters αλµ and spher-

ical harmonics Yλµ(θ, φ) as :

R(θ, φ) = Rα[1 +
∑
λ

λ∑
µ=−λ

αλµYλµ(θ, φ)] (2.62)

Where R(θ, φ) is the distance of the nuclear surface at (θ, φ) from the centre and

Rα is the deformation-dependent radius. Rα related to the spherical counterpart

R0 by the condition of volume conservation

4π

3
R3

0 =

∫
dΩ

∫ R(θ,φ)

r2dr =
4π

3
R3
α(1 +

3

4π

∑
|αλµ|2 +O(α3)) (2.63)



25

For each mode of order λ, µ has (2λ + 1) values; from −λ to +λ. (λ = 0), gives

the monopole, λ = 1 corresponds to dipole deformation, (λ = 2) to quadrupole

deformation and λ = 3 to octupole deformation. In our calculations, we restrict

ourselves to quadruple deformations. For quadrupole shapes,

R(θ, φ) = Rα[1 +
∑
µ

α2µY2µ(θ, φ)] (2.64)

The quadruple-deformed nuclei are classified into prolate, oblate and triaxial. For

such nuclei, with elliptical shape, we can distinguish a coordinate frame defined by

the three axes of deformation. Prolate and oblate nuclei are axially symmetric. If

the third axis of the nucleus is longer than the others, the nucleus is prolate and if it

is shorter, the nucleus is oblate. For triaxial nuclei, the three axes are different[50].

The nuclear deformation is characterized by the deformation parameter β and the

triaxiality γ. The five parameters αλµ can now be reduced to two real parameters

α20, α22. We defined Hill-Wheeler coordinate in terms of α20 and α22 as [51]

α20 = β · cos γ (2.65)

α22 =
1√
2
β · sin γ (2.66)
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So that ∑
|α2µ|2 = (β)

We can connect the quadrupole constraint with β, γ

β =

√
4π

5

Q

r2
, Q =

√
Q2

20 +Q2
22 (2.68)

where

Q̂20 = 2z2 − x2 − y2 (2.69)

Q̂22 = x2 − y2 (2.70)

γ = tan−1(
Q22

Q20

) (2.71)

Substituting Eqs .(2.65), (2.66) in Eq .(2.64), we obtain :

R(θ, φ) = Rα[1 + β

√
5

16π
(cos γ(3 cos2 θ − 1) +

√
3 sin γ sin2 θ cos 2φ)] (2.72)

Then we can calculate the increments of the three semi-axes as a function

of β and γ

Rx = R(
π

2
, 0) = Rα · [1 + β ·

√
5

4π
· cos(γ − 2π

3
)] (2.73)

Ry = R(
π

2
,
π

2
) = Rα · [1 + β ·

√
5

4π
· cos(γ +

2π

3
)] (2.74)

Rz = R(0, 0) = Rα · [1 + β ·
√

5

4π
· cos(γ)] (2.75)
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Figure 2.1: Variation of nuclear shapes with deformation
and triaxiality parameters.

The variation of nuclear shapes with β and γ is illustrated in Fig.2.1 [50]. In

general if γ is a multiple of 60◦ then the shape is axial, and it is triaxial for

all other γ values [52, 53]. γ = 0 and 60◦ represent prolate and oblate shapes

respectively. When γ is a multiple of 60◦ then the radius along two of the three

axis in Eqs.(2.73), (2.74), (2.75) are equal. As we can see:

If γ = 0, the symmetry axis is Z axis, and Rx = Ry.

If γ = 60, the symmetry axis is Y axis, and Rx = Rz.

If γ = 120, the symmetry axis is X axis, and Ry = Rz.
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In our calculations of fission barriers, we calculate the nuclear potential energy as

a function of deformation paremetr β2. Positive and negative quadrupole defor-

mations β2 correspond to prolate (elongated shape) and oblate (flattened shape)

respectively.

2.7 The axially symmetric case

For the axially symmetric deformed shape, the rotational symmetry is lost, and

thus, the total angular momentum j is not the good quantum number. However,

the densities are still invariant with respect to a rotation around the symmetry

axis, which is taken to be the z-axis. Hence it is more suitable to use the cylindri-

cal coordinates [54]. For such nuclei, the Dirac spinor ψi is now characterized by

the quantum numbers (Ωi, pi, ti).

Ωi is the eigenvalue of the symmetry operator jzi, (jzi is the projection of the

single particle angular momentum ji on the z-axis), pi is the parity, and ti is the

z-component of the isospin.

The solution of the CDFT equations, and thus the nuclear energy for any point,

are determined from the potential energy curves ”PEC”. The calculations are

performed by the method of quadratic constraints [55], which imposed constraints

on mass quadrupole moment.

We impose axially symmetric configurations with reflection symmetry, we use the
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computer code DIZ [54], based on an expansion of the Dirac spinors in terms of

harmonic oscillator wave functions with cylindrical symmetry and we minimize

〈Ĥ〉+ C20(〈Q̂20〉 − q20)
2

(2.76)

where 〈Ĥ〉 is the total energy, 〈Q̂20〉 denotes the expectation values of mass

quadrupole operators,

Q̂20 = 2z2 − x2 − y2 (2.77)

q20 is the constrained value of the multipole moment and C20 is the corresponding

stiffness constant.
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Chapter 3

Fission-Barriers In Pre-Actinide Nuclei

In this chapter we will apply constrained calculation to obtain potential energy

curves in the pre-actinide region of nuclear chart. Namely, it will be applied to

the even-even nuclei with proton number 80 ≤ Z ≤ 86 and 94 ≤ N ≤ 148. We

are mainly interested in the nuclei with available experimental data or theoretical

predictions from different models.

In fission process, a nucleus deviates from its ground-state shape and become more

elongated (deformed). The nucleus need to penetrate the barrier, and reach the

so-called scission point to separate into two fragments. The height of the fission

barrier Bf of a such nucleus, is a measure of its stability and survival probability,

reflected in the fission lifetimes of this nucleus .

To evaluate Bf , we calculate the total nuclear potential energy (E) for different

nuclear shapes, the potential energy curves (PEC). We restrict ourselves to axially

symmetrical deformations with quadrupole degrees of freedom. The saddle-point
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and ground-state energies are determined from PEC, defined by the deformation

paremeter β2. For all nuclei under investigation, we carry out calculations of fission

barriers using NL3*, DD-ME2, and DD-PC1 parameterizations, with constraints

on axial mass quadrupole moment Eq.(2.68). In these calculations, the values of

β2 vary from -0.65 to 1 in steps of 0.05.

3.1 Mercury (80Hg) isotopes

3.1.1 Potential energy curves

A systematic calculation of even-even Hg will be performed. It will cover (94 ≤

N ≤ 142) isotopes, for each nucleus, we first calculate the potential energy as

a function of the β2-deformation. Potential energy curves (PEC) are shown in

Figs.3.1-3.5 in the three parametrizations, for all of Hg isotopes under study. En-

ergy is shown in these figures are relative energy to the ground state minimum,

that is the ground state energy will be zero MeV. Here we will discuss NL3* results,

since similar results have been obtained in other parametrizations calculations.
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Figure 3.1: Potential energy curves of even-even Hg isotopes for neutron
number 94 ≤ N ≤ 102 as functions of the quadrupole deformation, obtained
from an axial RHB calculations with quadratic constraints. Three classes of
CDFT models are used, NL3*, DD-ME2, and DD-PC1. The curves are scaled

such that the ground state has a zero MeV energy

On the one hand, a single barrier is observed, at β2= 0.5 in 174,176Hg. On the other

hand, a double-humped barrier is observed in 178,180,182Hg. The inner barrier is

located at β2=0.5, in the three isotopes, while the outer one is located at β2=0.8

in 178Hg, and at β2=0.85 in 180,182Hg, as shown in Fig.3.1.
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Figure 3.2: Same as Fig.3.1, but for 106 ≤ N ≤ 116

The second barrier then disappear, and we end up with a single barrier, in the

rest of Hg isotopes as seen in Figs.3.2-3.5. The increase of neutron number up

to N=116 leads to the emergence of the saddle point to β2=0.5-0.55; as seen in

Fig.3.2 above.
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Figure 3.3: Same as Fig.3.1, but for 118 ≤ N ≤ 124

Obviously, increasing the neutron number beyond N = 116 in the nuclei under

study, causes the saddle point to be shifted to β2=0.4-0.45 for 118 ≤ N ≤ 124

as it is clearly seen in Fig.3.3. while for the heavier nuclei, in particular, for

126 ≤ N ≤ 134, the saddle point emerge to β2=0.35 as observed in Fig.3.4.

Therefore, it is especially interesting to look for the nucleus 216 Hg shown in Fig.3.4.

It may however happen that smooth change of the deformation energy curve lead,

to the softness of the curve maximum between β2 = 0.35 and β2 = 0.5.
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Figure 3.4: Same as Fig.3.1, but for 126 ≤ N ≤ 136
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Figure 3.5: Same as Fig.3.1, but for 138 ≤ N ≤ 142

For the last three nuclei, 138 ≤ N ≤ 142, in Fig.3.5, we find out the barrier take

place at β2 = 0.5−0.55, which is similar to the nuclei lying at the beginning of the

isotopic chain. The main goal of our present analysis, is to determine the height

of such saddle so-called Bf .

3.1.2 Heights of fission barrier

We characterize the fission barrier by a saddle point connecting to pair of minima;

The ground-state minimum, and the ”fission valley”. The heights Bf is defined

as the difference between this saddle-point and the ground-state energy. Other
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saddle points appear in the potential energy curve, are discarded as being without

physical interest.

Our CDFT results for these barriers are presented in Table 3.1 and also in Fig.3.6;

the deformation parameters β2 shown in Table 3.1 are the corresponding elongation

parameters.

In the case of more than one barrier observed (N = 98, 100 and 102), we consider

only the primary barrier (i.e., the highest one). The primary barriers will be

generally the better measured than the secondary one (i.e., the lower lying one)

Ref.[21]. For these isotopes, it is evident the two barriers are of roughly equal

height.

The results of Table 3.1 are displayed in Fig.3.6, where we show the calculated

heights of fission barriers as a function of neutron number N, using NL3*, DD-

ME2 and DD-PC1. Obviously, among the different classes of CDFT models, the

DD-ME2 parametrization always gives the highest values for the fission barrier

heights. They are (on average) with difference not exceeding 1.5 MeV, higher

than the ones obtained in the NL3* and the DD-PC1 parametrization. It is also

obvious from Figs. 3.1-3.6, the heights and the shapes of the fission barriers tend

to be very similar for the three parametrizations, especially for the NL3* and the

DD-ME2 parametrization.



38

Table 3.1: Calculated fission barrier heights in (MeV) for Hg nuclei, with
forces NL3*, DD-PC1 and DD-ME2 within the CDFT framework. i and o refer
to inner and outer barriers, respectively. Double-humped barriers are predicted

for N = 98, 100 and 102 only, and no observed barrier for N = 104.

NL3* DD-PC1 DD-ME2
N A β2 Bf β2 Bf β2 Bf

Z=80 (Hg)
94 174 0.5 5.26 0.5 5.21 0.5 5.45
96 176 0.5 4.53 0.5 4.57 0.5 4.88
98 178 0.5i,0.8o 4.73i,4.25o 0.5i,0.8o 4.69i,2.78o 0.5i,0.8o 4.73i,3.71o

100 180 0.5i,0.85o 4.33i,5.50o 0.5i,0.8o 4.13i,4.28o 0.5i,0.8o 4.35i,4.90o

102 182 0.5i,0.85o 4.23i,6.15o 0.5i,0.85o 3.99i,4.72o 0.5i,0.85o 4.35i,5.65o

106 186 0.55 5.82 0.55 5.82 0.55 6.24
108 188 0.5 6.25 0.5 6.12 0.5 6.52
110 190 0.5 5.87 0.5 5.80 0.5 5.95
112 192 0.5 6.26 0.5 5.64 0.5 6.09
114 194 0.5 7.72 0.5 6.94 0.5 7.87
116 196 0.5 9.03 0.45 8.87 0.45 9.21
118 198 0.45 10.71 0.45 11.18 0.45 11.23
120 200 0.4 13.51 0.4 13.36 0.4 14.47
122 202 0.4 17.04 0.4 17.31 0.4 17.59
124 204 0.4 20.78 0.35 20.45 0.35 21.08
126 206 0.35 23.45 0.35 23.51 0.35 24.48
128 208 0.35 19.25 0.3 18.75 0.35 19.73
130 210 0.35 15.30 0.3 14.99 0.3 15.60
132 212 0.35 11.72 0.3 11.70 0.3 12.73
134 214 0.35 9.04 0.35 9.33 0.35 10.19
136 216 0.35-0.5 6.45-6.34 0.35-0.5 6.67-5.15 0.35-0.5 7.67-7.46
138 218 0.5 4.93 0.35 4.64 0.5 5.58
140 220 0.5 4.70 0.4 4.61 0.5 5.40
142 222 0.65 4.94 0.55 5.20 0.6 5.76
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Figure 3.6: Fission barrier heights for Hg nuclei as a function of neutron
number N, Obtained with the NL3*(black circles), DD-PC1(red squares) and
DD-ME2(blue triangles) parametrizations of RMF Lagrangian. (Note that no

fission barrier is predicted for N=104)

3.1.3 Comparison with experimental data and

other theoretical models

It is interesting now to examine our model by comparing the current results with

the experimental ones and the ones obtained in other models. There is only one

experimental work Ref.[56], where the authors estimates the heights of fission

barriers in the pre-actinide region with Z = 80, 82, 84 and 86. Unfortunately, for

a given proton number Z, a sequence of at least 20 even-even nuclei is being under

the study, such that at most 3 nuclei of this sequence have an experimental value.
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In Table 3.2 and also in Fig.3.7, we collect some of the theoretical predictions of

fission barrier heights, based on the finite range liquid-drop model (FRLDM)[23],

the self-consistent Hartree-Fock (SHF) method[21] with BSK8 Skyrme interaction,

the extended Thomas-Fermi Plus Strutinsky integral (ETFSI) model[17, 18] and

the results of the LDM calculations within the microscopic-macroscopic method

(MM)[4], where present in relation to experimental ones[56].

The comparison of our calculated heights, and those obtained from the FRLDM

model, shows that the latter predictions are systematically higher than ours. How-

ever, one can see that the two models have the same behavior, as shown in Table

3.2 and Fig.3.7. We find that there is slow but steady increase in the calculated

height as N increase, the results show a maximum at 206Hg, and then with in-

creasing N fall to a minimum at around N = 140, the value for which this barrier

becomes observable. At this point, the barrier height is underestimated by about

4.70 MeV. We can report here that our results are always lower than the FRLDM

ones by 10 MeV, for some nuclei (and often much smaller for the majority of

nuclei).
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Table 3.2: Comparison of fission barrier height from NL3*parametrizations,
with other theoretical evaluations: SHF [21], FRLDM [23], ETFSI [17], CDFT
(present work), and experimental data taken from Ref.[56], except as indicated
in footnote. All quantities are in (MeV), except for numbers specifying the

nucleus. Dashes mean not measured or not calculated.

Z N A CDFT FRLDM ETFSI SHF MM EXP
80 94 174 5.26 9.63 - - - -

96 176 4.53 9.62 - - - -
98 178 3.83 9.32 - - - -
100 180 4.33 9.81 - - - -
102 182 4.23 10.85 - - - -
104 184 - 11.92 - - - -
106 186 5.82 12.99 - - - -
108 188 6.25 13.98 - - - -
110 190 5.87 15.22 - - - -
112 192 6.26 16.75 - - - -
114 194 7.72 18.10 - - - -
116 196 9.03 19.65 - - - 16.9
118 198 10.71 21.45 10.1 9.3 - 16.6,20.4a

120 200 13.51 23.23 - - 17.7
122 202 17.04 24.79 - - - -
124 204 20.78 26.11 - - - -
126 206 23.45 27.21 - - - -
128 208 19.25 25.51 - - - -
130 210 15.30 23.32 - - - -
132 212 11.72 21.27 - - - -
134 214 9.04 19.80 - - - -
136 216 6.45-6.34 18.33 - - - -
138 218 4.93 17.04 - - - -
140 220 4.70 15.69 - - 16.55 -
142 222 5.20* 14.56 - - 14.98 -

aMoller-2004 [11].

∗ From DD-PC1 Parametrization.
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Figure 3.7: Comparison of fission barriers as a function of neutron
number N, calculated by Moller et al.(FRLDM)(Ref.[23]), Mamdouh et
al.(ETFSI)(Ref.[17]), Samyn et al. (SHF)(Ref.[21]), Howard et al.(MM)(Ref.[4])
and by us (CDFT) with experimental data (EXP)(Ref.[56]) (Note that no fission

barrier is predicted for N = 104 in our model).

Let us re-examine this comparison between the calculated and experimental barrier

heights, the solid green plus in Fig.3.7, denote the few experimental barrier heights

that have been measured for this isotopic chain. It is evident here that the guess

of the same trend existing for the experimental barriers is impossible, due to the

narrow experimentally known region. But, in the same time, a glance at Table 3.2

and Fig.3.7 show that the presence of experimental barriers between the values

obtained by the two models, gives a good prospective to our results.
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Figure 3.8: The difference between experimental and calculated heights of
inner fission barriers as a function of neutron number N. The results of the
calculations within microscopic-macroscopic method (’SHF(Samyn)’ [21]), the
finite range liquid-drop model (’FRLDM(Moller)’ [23]), the covariant density
functional theory (’CDFT’) and the extended Thomas-Fermi plus Strutinsky

integral (’ETFSI(Mamdouh)’ [17]) are shown. .

Turning now to the discrepancies of different presented models values, shown in the

Table 3.2 and the Fig.3.7, with the experimental ones [56], the difference between

all theoretical calculations and experimental values is shown in Fig.3.8.

As we can see, our calculated barriers are (on average) by 4-8 MeV lower than

experimental ones, while FRLDM significantly overestimate the barrier, they are

(on average) by 3-6 MeV higher.
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We consider now 198Hg nucleus, where three theoretical values other than our value

for the barrier height exist, the FRLDM model gives a value of 21.45 MeV, while

the value obtained in our approach is 10.71 about 10 MeV lower, whereas the

experimental data indicate 16.6 MeV. The ETFSI and SHF models underestimate

the value of 10.1 and 9.3 MeV, respectively, the agreement with our value is much

better than the one with FRLDM model.

The disagreement with experimental data, shown in Fig.3.7, is not very surprising

if one takes into account that experimentally, the fission barrier are not directly

measured, and model-dependent analysis is involved to obtain these quantities [22].

Moreover a relatively small number of nuclei are considered here, which limits the

comparison. According to the theoretical models, the differences are due to the

difference observed in the shape parametrization, and the deformation space used

in the calculation.
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3.2 Lead (82Pb) isotopes

3.2.1 Potential energy curves

Potential energy curves for even-even Pb isotopes with N ranging from 96 to 148,

are shown in Figs.3.9-3.14. Since all of the CDFT parametrizations give similar

results, only NL3* results will be discussed.

We find 178Pb and 180Pb nuclei to have a double-humped barrier. The first barrier

is located at β2=0.15 for both nuclei, whereas the second one is located at β2=0.5

for 178Pb and at β2=0.55 in the case of 180Pb nucleus as shown in Fig.3.9.

It should be noted here that within the CDFT model, using the three parmetriza-

tions, fission barriers are not observed in the PEC for 182Pb, 186Pb and 188Pb, as

seen in Fig.3.10.

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

β
2
-deformation

0

5

10

15

20

25

30

E
 (

M
e
V

)

NL3*
DD-PC1
DD-ME2

178
Pb

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

β
2
-deformation

0

5

10

15

20

25

30

E
 (

M
e
V

)

NL3*
DD-PC1
DD-ME2

180
Pb

Figure 3.9: Potential energy curves for 178Pb and 180Pb nuclei as functions
of the quadrupole deformation β2. The effective interactions used are NL3*,
DD-ME2, and DD-PC1. The curves are scaled such that the ground state has

a zero MeV energy



46

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

β
2
-deformation

0

5

10

15

20

25

30

E
 (

M
e
V

)

NL3*
DD-PC1
DD-ME2

182
Pb

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

β
2
-deformation

0

5

10

15

20

25

30

E
 (

M
e
V

)

NL3*
DD-PC1
DD-ME2

186
Pb

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

β
2
-deformation

0

5

10

15

20

25

30

E
 (

M
e
V

)

NL3*
DD-PC1
DD-ME2

188
Pb

Figure 3.10: Same as Fig.3.9, but for N = 100, 104 and 106

It is also interesting to notice that when we reach N = 108, the barrier is no longer

double-humped, this can be seen in Figs.3.11-3.14. In the nuclei with 108 ≤ N ≤

112, the barrier is observed at β2 = 0.5− 0.6, as it is already in Fig.3.11.

Another important observation, in the nuclei under study, concerns the change

in the barrier location with the neutron number N. One can notice from Fig.3.12

that the saddle point, for 114 ≤ N ≤ 122 arise at β2 = 0.4 − 0.45, whereas for

the heavier nuclei, in particular for 124 ≤ N ≤ 140, the saddle point emerges to

β2 = 0.3− 0.4 (i.e., to lower β2 value), as observed in Fig.3.13.
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Figure 3.11: Same as Fig.3.9, but for 108 ≤ N ≤ 112
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Figure 3.12: Same as Fig.3.11, but for 114 ≤ N ≤ 122
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Figure 3.13: Same as Fig.3.9, but for 124 ≤ N ≤ 140
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Figure 3.14: Same as Fig.3.9, but for 142 ≤ N ≤ 148

In 142 ≤ N ≤ 148 nuclei, we find the barrier arise again at β2 = 0.6 − 0.65 (i.e.,

at higher deformation ), as its visible in Fig.3.14.

3.2.2 Heights of fission barrier

Here, we associate the height with the saddle point Bf , we already have observed

via PEC. Whenever we have a double humped barrier, we consider the highest

i.e., the primary barrier. The result of these calculations, for NL3*, DD-PC1 and

DD-ME2 forces, are given in Table 3.3, which shows for each nucleus, the height

of the primary barrier, and in the case of a double barrier, the secondary barrier,

with the corresponding deformation parameter β2.
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Table 3.3: Calculated fission barrier heights in (MeV) for Pb nuclei, with
forces NL3*, DD-PC1 and DD-ME2 within the CDFT framework. i and o refer

to inner and outer barriers, respectively.

NL3* DD-PC1 DD-ME2
N A β2 Bf β2 Bf β2 Bf

Z=82 (Pb)
96 178 0.15i,0.5o 4.24i, 3.90o 0.15i, 0.5o 4.59i, 3.82o 0.15i, 0.5o 4.84i, 3.67o

98 180 0.15i, 0.55o 3.34i, 3.68o 0.15i, 0.55o 4.06i, 3.50o 0.15i, 0.55o 4.19i, 3.51o

108 190 0.6 4.99 0.6 4.13 0.6 4.72
110 192 0.5 4.58 0.5 3.91 0.5 3.91
112 194 0.5 5.23 0.5 4.80 0.5 4.98
114 196 0.45 7.09 0.4 6.82 0.4 6.98
116 198 0.45 9.60 0.4 9.35 0.4 9.47
118 200 0.4 12.43 0.35 12.32 0.35 12.36
120 202 0.4 15.68 0.35 16.23 0.35 16.49
122 204 0.4 19.64 0.35 20.19 0.35 20.42
124 206 0.35 23.53 0.35 24.20 0.35 24.41
126 208 0.35 26.44 0.35 26.81 0.3 27.55
128 210 0.3 21.90 0.3 22.45 0.3 22.98
130 212 0.3 17.84 0.3 18.35 0.3 18.74
132 214 0.35 14.23 0.3 14.47 0.3 14.66
134 216 0.35 11.14 0.35 11.44 0.35 11.47
136 218 0.35 8.33 0.35 8.72 0.35 8.93
138 220 0.4 5.32 0.35 6.11 0.35 5.99
140 222 0.5 4.51 0.4 5.85 0.45 5.75
142 224 0.6 5.41 0.6 5.64 0.6 6.47
144 226 0.6 6.32 0.6 6.37 0.6 7.38
146 228 0.65 6.89 0.55 7.33 0.6 7.99
148 230 0.65 7.27 0.55 8.07 0.6 8.26

Remarkably, the three parametrization predict 178Pb and 180Pb to have a double

barrier. A glance at Table 3.3, shows that the two barriers are of roughly equal

height. It can be seen also the vanishing of one barrier, and the appearance of a

single observed one, as a result of neutron number N increasing. We now recall that

such increasing, causes an emergence of this single barrier to different deformation

value β2, of the nuclei in question.
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Figure 3.15: Fission barrier heights for Pb nuclei as a function of neutron
number N, Obtained with the NL3*(black circles), DD-PC1(red squares) and

DD-ME2(blue triangles) parametrizations of RMF Lagrangian.

The results of Table 3.3, are displayed in Fig.3.15, where we show the calculated

heights of fission barriers, as a function of neutron number N, in three classes of

CDFT, as well as we label in Fig.3.15. We emphasize that in our calculations, we

obtain barriers of the highest values with DD-ME2 parametrization. They are (on

average) with difference not exceeding 1.5 MeV, higher than the ones obtained in

the NL3*, and the DD-PC1 parametrization. As mentioned earlier, the PEC in

Figs.3.9-3.14 look similar in these parametrizations, and thus, the saddle locations

obtained in these calculations, did not exhibit a significant difference, hence, it was

safe to take into account the NL3* calculations only, in the preceding subsection.
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3.2.3 Comparison with experimental data

and other theoretical models

Now, we check whether or not these obtained results, are agreed with the exper-

imental ones, and the ones obtained in other models. Only 3 nuclei in the Pb

isotopic chain have an experimental value. Fortunately, there have already been

many calculations of the barriers of some particular nuclei. Two systematic calcu-

lations has been performed; The 1980 macroscopic-microscopic (MM) calculation

of Haward and Moller [4], and the calculation of Moller et al. [23], using the finite-

range liquid-drop model (FRLDM), covering all the required nuclei, and casting

doubt on all previous MM calculations of barriers.

The two other calculations are microscopic calculation: The self-consistent Hartree-

Fock (SHF) [21], and Mamdouh et al. [17], based on the ETFSI (extended Thomas-

Fermi plus Strutinsky integral), the later is a high-speed approximation to the

Skyrme-HF method [15]. These calculations except the FRLDM one include a few

measured nuclei, given in Table 3.4 and Fig.3.16.
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Table 3.4: Comparison of fission barrier heights with other theoretical evalu-
ations: SHF [21], FRLDM [23], ETFSI [17], CDFT (present work), and experi-
mental data taken from Ref.[56]. All barriers are from NL3* parametrizations,
except as indicated in footnote. All quantities are in (MeV), except for numbers

specifying the nucleus. Dashes mean not measured or not calculated.

Z N A CDFT FRLDM ETFSI SHF MM EXP
82 96 178 4.24 7.99 - - - -

98 180 3.34 8.47 - - - -
100 182 - 8.62 - - - -
104 186 - 9.61 - - - -
106 188 - 10.32 - - - -
108 190 4.99 11.18 - - - -
110 192 4.58 12.85 - - - -
112 194 5.23 14.50 - - - -
114 196 7.09 15.66 - - - -
116 198 9.60 17.28 - - - -
118 200 12.43 18.89 - - - -
120 202 15.68 20.48 - - - -
122 204 19.64 21.91 15.7 14.3 - 23.5
124 206 23.53 23.94 17.8 16.5 - 25.3
126 208 26.44 24.95 19.7 17.0 - 27.4
128 210 21.9 22.91 - - - -
130 212 17.84 20.77 - - - -
132 214 14.23 19.13 - - - -
134 216 11.14 17.95 - - - -
136 218 8.33 16.83 - - - -
138 220 5.32 15.33 - - - -
140 222 5.85* 13.70 - - 16.67 -
142 224 5.41 12.48 - - 15.04 -
144 226 6.32 12.34 - - 13.51 -
146 228 6.89 12.16 - - 12.46 -
148 230 7.27 12.58 - - 10.16 -

∗ From DD-PC1 Parametrization.
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In order to gain some confidence in our results, we first compare our calculated

barriers with those obtained from the FRLDM, it can be seen from Table 3.4,

and Fig.3.16 that in the whole region of considered nuclei, the FRLDM barriers

are higher than Ours. The agreement become much better in the subsequence

120 ≤ N ≤ 132, with difference less than 5 MeV. The same figure shows the

behavior of fission barrier heights, with increasing neutron number N, throughout

the sequence. One can recognize, the steady increase in barrier height till 208Pb

nucleus, where the highest value is obtained, follows by steady decrease till 220Pb

nucleus, then the steady increase again at the end of the sequence.
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Figure 3.16: Comparison of fission barriers as a function of neutron
number N, calculated by Moller et al.(FRLDM)(Ref.[23]), Mamdouh et
al.(ETFSI)(Ref.[17]), Samyn et al. (SHF)(Ref.[21]), Howard et al.(MM)(Ref.[4])

and by us (CDFT) with experimental data (EXP)(Ref.[56]).

Our calculated values tend to be 1 − 4 MeV lower than the experimental values,

nothing can be guessed regard the tendency of experimental barriers, due to the

lack of abundance of experimental values in the considered region. Note that lower

limits for the fission barrier heights are predicted by ETFSI and SHF models, as

indicated by the Diamond and right triangle, respectively in Fig.3.16. MM barriers

are always higher than ours, for the few cases where these are available, denoted

in the same figure by the up triangle.
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Figure 3.17: The difference between experimental and calculated heights of
inner fission barriers as a function of neutron number N. The results of the
calculations within microscopic-macroscopic method (’SHF(Samyn)’ [21]), the
finite range liquid-drop model (’FRLDM(Moller)’ [23]), the covariant density
functional theory (’CDFT’) and the extended Thomas-Fermi plus Strutinsky

integral (’ETFSI(Mamdouh)’[17]) are shown.

We show in Fig.3.17 the deviation ∆Bf , of some of our calculated barrier heights,

from the experimental values; in the same figure, we show also the corresponding

quantities for the FRLDM, the ETFSI and the SHF models. Clearly, both ETFSI

and SHF significantly underestimate the barrier heights; the deviation from the

experimental values is about 8 MeV, in the case of ETFSI results. SHF results are

worse than those for the ETFSI ones, with deviation from 9 to 11 MeV, for this

group of nuclei. On the other hand, calculations based on the FRLDM predict the

barriers to be 1-3 MeV lower, but the agreement is, however, much better.
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3.3 Polonium (84Po) isotopes

3.3.1 Potential energy curves

In Figs.3.18-3.20 PEC for Po isotopes are given. Such curves enabled us to find,

the saddle point location and energy.

Po isotopes, beginning with A = 186 up to A = 230, exhibit a single barrier at

relatively high deformation, The β2 values are hung about 0.65-0.7, as observed in

Fig.3.18.

In Fig.3.19, PEC of Po nuclei with N ranging from 112 to 140 are presented. It is

seen that as we go from the lighter isotopes to the heavier ones, the saddle point

change its position to lower deformations. That is, the lighter isotopes need higher

deformation to undergoes a fission. For this subset of the considered nuclei, the

β2 values fluctuate between 0.3, 0.35 and 0.4.
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Figure 3.18: Potential energy curves for even-even Po isotopes with N ranging
from 102 to 110 as functions of the quadrupole deformation β2. The effective
interactions used are NL3*, DD-ME2, and DD-PC1. The curves are scaled such

that the ground state has a zero MeV energy
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Figure 3.19: Same as Fig.3.18, but for 112 ≤ N ≤ 140
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Figure 3.20: Same as Fig.3.18, but for 142 ≤ N ≤ 146

On the other hand, Fig.3.20, shows that the β2 value, where the saddle point take

a place is no longer smaller, for the heavier isotopes. For 226Po, 228Po and 230Po,

β2 values are 0.6, 0.68 and 0.65 respectively.

The lack of double-humped barrier, in the investigated neutron-rich Po isotopes, is

a noteworthy feature. In the sense, all of these nuclei exhibit only a single barrier

as observed in Figs.3.18-3.20.



63

3.3.2 Heights of fission barrier

Of particular importance now is the height of the fission barrier. The CDFT

calculation of the barrier heights, of a given Po isotopes, with the deformation β2,

then proceeds as described in the previous sections.

All the nuclei of Table 3.5 exhibit only a single barrier, we show the height of this

barrier, in the three parmetrizations, we show also the corresponding deformation

parameter β2. The sensitivity of barrier location to the neutron number N, shown

in this table, was discussed in the previous subsection.
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Table 3.5: Calculated fission barrier heights in (MeV) for Po nuclei, with
forces NL3*, DD-PC1 and DD-ME2 within the CDFT framework. i and o refer

to inner and outer barriers, respectively.

NL3* DD-PC1 DD-ME2
N A β2 Bf β2 Bf β2 Bf

Z=84 (Po)
102 186 0.7 5.16 0.65 3.90 0.7 4.14
104 188 0.7 5.00 0.65 4.49 0.7 4.54
106 190 0.65 4.82 0.65 3.88 0.65 4.35
108 192 0.65 5.00 0.65 3.70 0.65 4.00
110 194 0.65 4.16 0.5 3.13 0.65 3.28
112 196 0.4 4.87 0.4 4.56 0.35 4.71
114 198 0.4 6.65 0.4 6.53 0.4 6.69
116 200 0.35 9.02 0.35 9.03 0.35 9.14
118 202 0.4 11.53 0.35 11.70 0.35 11.82
120 204 0.35 14.90 0.35 15.02 0.35 15.19
122 206 0.35 18.32 0.35 18.49 0.35 18.58
124 208 0.35 21.90 0.35 22.05 0.35 22.24
126 210 0.35 24.45 0.3 24.54 0.3 25.04
128 212 0.3 20.02 0.3 20.18 0.3 20.41
130 214 0.35 16.19 0.3 16.61 0.3 17.08
132 216 0.35 14.16 0.35 14.46 0.35 15.27
134 218 0.35 11.34 0.35 11.91 0.35 12.48
136 220 0.35 8.49 0.35 9.00 0.35 9.51
138 222 0.35 6.22 0.35 6.84 0.35 7.25
140 224 0.39 5.28 0.4 6.68 0.4 6.34
142 226 0.6 5.55 0.4 5.85 0.6 6.40
144 228 0.68 6.81 0.6 6.13 0.6 7.35
146 230 0.65 7.44 0.58 7.20 0.65 8.00
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Figure 3.21: Fission barrier heights for Po nuclei as a function of neutron
number N, Obtained with the NL3*(black circles), DD-PC1(red squares) and

DD-ME2(blue triangles) parametrizations of RMF Lagrangian.

The calculated heights of fission barriers, in the three parmetrizations of Table

3.5, are shown in Fig.3.21, as a function of neutron number N, as well as we label

in Fig.3.21. A comparison show that the three calculations provide values close

to each other. On the contrary, the DD-ME2 parametrization produces barriers,

which are (on average) with difference not exceeding 1.3 MeV, higher than the ones

obtained in the NL3* and the DD-PC1 parametrization, for most of the nuclei in

question. It may be noted that the PEC 3.18-3.20, presented earlier look similar

in these parametrizations, and thus, we believe that the heights, and the positions

of the fission barriers, are independent of parametrization.
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3.3.3 Comparison with experimental data

and other theoretical models

The validity of our results, are verified here by making a comparison with experi-

mental data [56], and theoretical prediction from different models. Specifically the

FRLDM, the SHF, the ETFSI, and the MM models, described in the preceding

sections. Only the FRLDM calculation covers all the Po nuclei in question, while

the rest of calculations mentioned above, include a few measured nuclei.

In Table 3.6 and Fig.3.22, we first compare our NL3* results, with those obtained

from the FRLDM model. Such comparison, show a good prospective, the two

models have the same tendency concerns the behavior of fission barrier heights,

throughout the isotopic chain. On the other hand, the FRLDM barriers come

slightly higher than ours. Nothing can be guessed, according to the tendency of

barrier heights, based on ETFSI, SHF and MM calculations, as we have already

pointed out in the subsections 3.1.3 and 3.2.3 . We can only note that, the MM

barriers are higher than ours, for the subsequent 140 ≤ N ≤ 146. While both

FRLDM and SHF models significantly underestimate the barrier, for the nuclei

with N = 124 up to N = 128, shown in the same figure.
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Table 3.6: Comparison of fission barrier heights from NL3*parametrizations,
with other theoretical evaluations: SHF [21], FRLDM [23], ETFSI [17, 18],
CDFT (present work), and experimental data taken from Ref.[56]. All quantities
are in (MeV), except for numbers specifying the nucleus. Dashes mean not

measured or not calculated.

Z N A CDFT FRLDM ETFSI SHF MM EXP
84 102 186 5.16 6.35 - - - -

104 188 5.00 6.92 - - - -
106 190 4.82 7.55 - - - -
108 192 5.00 8.25 - - - -
110 194 4.16 9.46 - - - -
112 196 4.87 10.29 - - - -
114 198 6.65 11.52 - - - -
116 200 9.02 13.31 - - - -
118 202 11.53 15.41 - - - -
120 204 14.90 17.02 - - - -
122 206 18.32 19.02 - - - -
124 208 21.90 20.81 15.1 13.9 - 19.9
126 210 24.45 22.14 17.1 14.8 - 21.2
128 212 20.02 20.27 14.9 13.8 - 19.6
130 214 16.19 17.76 - - - -
132 216 14.16 15.42 - - - -
134 218 11.34 13.85 - - - -
136 220 8.49 12.47 - - - -
138 222 6.22 11.91 - - - -
140 224 6.68* 11.46 - - 13.81 -
142 226 5.55 10.98 - - 12.23 -
144 228 6.81 10.68 - - 11.53 -
146 230 7.44 10.63 - - 10.99 -

∗ From DD-PC1 Parametrization.
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Figure 3.22: Comparison of fission barriers as a function of neutron number N,
calculated by Moller et al.(FRLDM)(Ref.[23]), Mamdouh et al.(ETFSI)(Ref.[17,
18]), Samyn et al.(SHF)(Ref.[21]), Howard et al.(MM)(Ref.[4]) and by us

(CDFT), with experimental data (EXP)(Ref.[56]).

It is gratifying to see now, for this group of nuclei, the level of agreement of

our model with experiment. Unfortunately, an experimental value is available for

208Po, 210Po and 212Po nuclei only. For these, we show in Fig.3.23, the deviation

∆Bf , of our calculated barrier heights from the experimental values; in the same

figure, we show also the corresponding quantities, for the FRLDM, the ETFSI and

the SHF models.
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Figure 3.23: The difference between experimental and calculated heights of
inner fission barriers as a function of neutron number N. The results of the
calculations within microscopic-macroscopic method (’SHF(Samyn)’ [21]), the
finite range liquid-drop model (’FRLDM(Moller)’ [23]), the covariant density
functional theory (’CDFT’) and the extended Thomas-Fermi plus Strutinsky

integral (’ETFSI(Mamdouh)’ [17, 18]) are shown.

Our calculated values come higher than the experimental values, with deviation

about 2 MeV, for the nucleus with N = 124, and 3 MeV in the case of N = 126

nucleus. Our calculated value, was better for N = 128 nucleus, with deviation

around 0.4 MeV from the experimental value. The FRLDM predict the barriers to

be < 1 MeV higher than the experimental ones, for these nuclei, but the agreement

is, however, much better. On the other hand, calculations based on the ETFSI

and the SHF, predict the barriers to be 4-5 MeV, about 6 MeV, lower than the

experimental ones, respectively.
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3.4 Radon (86Rn) isotopes

3.4.1 Potential energy curves

We now extend toward highly neutron rich even-even Rn nuclei (104 ≤ N ≤ 146).

The potential energy curves ”PEC” have been constructed. For each nucleus,

potential energy plotted versus the deformation β2, in Figs.3.24-3.26. We discuss

these figures only briefly here, since similar results have been obtained in our

calculations for Hg sec.3.1, Pb sec.3.2 and Po sec.3.3 nuclei.

The lighter nuclei, beginning with A = 190 up to A = 232, exhibit a single barrier

at very high deformation, The β2 values are hung around 0.65 as observed in

Fig.3.24. This is come similar to the result we already predicted, for the lighter

nuclei in the Po region. Probably, this is the most striking feature of the CDFT

barrier calculations, of highly neutron rich nuclei.
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Figure 3.24: Potential energy curves for even-even Rn isotopes with N ranging
from 104 to 106 as functions of the quadrupole deformation β2. The effective
interactions used are NL3*, DD-ME2, and DD-PC1. The curves are scaled such

that the ground state has a zero MeV energy

In Fig.3.25, PEC of Rn nuclei with N ranging from 110 to 140 are presented. With

a further increase in the neutron number N, i.e., on going from lighter isotopes

Fig.3.24, to the heavier ones, the PEC curve maximum take place at lower defor-

mations. For this subset of the investigated nuclei, our calculations predict the β2

values, to swing between 0.3, 0.35 and 0.4. This tendency is also visible in

Table 3.7.
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Figure 3.25: Same as Fig.3.24, but for 110 ≤ N ≤ 140
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Figure 3.26: Same as Fig.3.24, but for 142 ≤ N ≤ 146

It is to be remarked here, that Fig.3.26 revive the old trend of the isotopic variation,

observed in Hg, Pb and Po nuclei. That is the β2 value, where the saddle point

arise, for the heavier Rn isotopes, 228Rn, 230Rn and 232Rn, is not lower than that

of the lighter ones, but higher. These nuclei exhibit the barrier hang around 0.6.

Such behavior is a generic, noteworthy Feature of deformed nuclei include almost

all isotopic chains in the investigated region.
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3.4.2 Heights of fission barrier

Our interest lies mainly with barrier heights Bf . We now extract barrier heights

Bf , in the three parametrizations, for Rn isotopes. These results are presented in

Table 3.7 and in Fig.3.27. In Table 3.7, we show also the corresponding deforma-

tion parameter β2 value for each calculated barrier.

The calculated heights of fission barriers, in the three parmetrizations, of Table

3.7, are plotted as a function of neutron number N, in Fig.3.21. The three calcu-

lations provide values very close to each other. The barriers are (on average) with

difference never exceeds 1.6 MeV, for all of the nuclei in question.
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Table 3.7: Calculated fission barrier heights in (MeV) for Rn nuclei, with
forces NL3*, DD-PC1 and DD-ME2 within the CDFT framework. i and o refer

to inner and outer barriers, respectively.

NL3* DD-PC1 DD-ME2
N A β2 Bf β2 Bf β2 Bf

Z=86 (Rn)
104 190 0.65 5.72 0.65 5.55 0.7 5.38
106 192 0.65 5.30 0.65 4.73 0.65 5.21
108 194 0.65 5.27 0.65 4.23 0.65 4.97
110 196 0.35 4.08 0.35 3.88 0.6 4.06
112 198 0.35 5.77 0.35 5.66 0.35 5.84
114 200 0.35 7.52 0.35 7.41 0.3 7.58
116 202 0.35 9.44 0.35 9.23 0.35 9.33
118 204 0.35 11.69 0.35 11.77 0.35 11.77
120 206 0.35 14.29 0.35 14.31 0.35 14.47
122 208 0.35 17.35 0.35 17.24 0.35 17.22
124 210 0.35 20.34 0.35 20.13 0.35 20.28
126 212 0.3 22.69 0.3 22.38 0.3 22.80
128 214 0.3 18.40 0.3 18.20 0.3 18.70
130 216 0.35 15.78 0.3 15.54 0.3 16.29
132 218 0.35 13.60 0.35 13.50 0.35 14.28
134 220 0.35 11.34 0.35 11.45 0.35 12.20
136 222 0.35 9.08 0.35 9.54 0.35 10.07
138 224 0.35 6.71 0.37 7.53 0.37 7.90
140 226 0.4 5.71 0.39 7.27 0.39 6.96
142 228 0.61 5.31 0.4 6.10 0.45 6.15
144 230 0.6 5.93 0.45 5.65 0.59 6.76
146 232 0.6 6.30 0.58 5.91 0.58 7.02
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Figure 3.27: Fission barrier heights for Rn nuclei as a function of neutron
number N, Obtained with the NL3*(black circles), DD-PC1(red squares) and

DD-ME2(blue triangles) parametrizations of RMF Lagrangian.

The PEC 3.24-3.26, presented earlier tend to be the same in these parmetrizations,

therefore, we can say that the heights and the positions of the fission barriers, are

independent of parametrization.

3.4.3 Comparison with experimental data

and other theoretical models

In this subsection, the comparison with data will be made just with the NL3*

results. Because no fission experimental data are available for Rn (Z=86) nuclei,
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we are unable to assess the deviation of our calculated barriers, in the investigated

region. We therefore compare with the available theoretical calculations, namely,

the FRLDM, the SHF, the ETFSI, and the MM models as in all the previous

work. These results for fission barrier heights, where available, are presented in

Table 3.8, in relation with our predictions for the same barriers.

We display these comparisons, in Table 3.8 and in Fig.3.28. The comparison of our

results, with those obtained from the FRLDM and MM models, shows that the

latter predictions for the few nuclei, where available, are systematically higher than

ours. The trends of our barriers agree well with the FRLDM ones, the discrepancy

is ∼ 0-4 MeV, with either sign being possible.
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Table 3.8: Comparison of fission barrier heights with other theoretical eval-
uations: SHF [21], FRLDM [23], ETFSI [17, 18], CDFT (present work), and
experimental data taken from Ref.[56]. All barriers are from NL3* parametriza-
tions, except as indicated in footnote. All quantities are in (MeV), except for
numbers specifying the nucleus. Dashes mean not measured or not calculated.

Z N A CDFT FRLDM ETFSI SHF MM EXP
86 104 190 5.72 4.54 - - - -

106 192 5.30 4.63 - - - -
108 194 5.27 5.43 - - - -
110 196 4.08 6.41 - - - -
112 198 5.77 7.40 - - - -
114 200 7.52 8.61 - - - -
116 202 9.44 10.29 - - - -
118 204 11.69 12.10 - - - -
120 206 14.29 14.20 - - - -
122 208 17.35 15.94 - - - -
124 210 20.34 17.61 - - - -
126 212 22.69 18.63 - - - -
128 214 18.40 16.69 - - - -
130 216 15.78 14.24 10.1 9.8 - 13.5
132 218 13.60 12.83 - - - -
134 220 11.34 11.47 - - - -
136 222 9.08 10.82 - - - -
138 224 6.71 10.30 - - - -
140 226 5.71 9.45 - - 11.10 -
142 228 6.10 9.04 - - 10.46 -
144 230 5.65* 8.81 - - 9.82 -
146 232 6.30 8.82 - - 9.34 -

∗ From DD-PC1 Parametrization.
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Figure 3.28: Comparison of fission barriers as a function of neutron number N,
calculated by Moller et al.(FRLDM)(Ref.[23]), Mamdouh et al.(ETFSI)(Ref.[17,
18]), Samyn et al.(SHF)(Ref.[21]), Howard et al.(MM)(Ref.[4]) and by us

(CDFT) with experimental data (EXP)(Ref.[56]).

Our result for the Rn isotope (N = 130), lie higher than the values obtained using

the other model, it is higher than the experimental one too. The discrepancy with

respect to experiment is ∼ 2.3 MeV. A lager agreement with the experiment, is

observed for the FRLDM calculated value, which is 0.74 MeV higher than the

experimental one. The obtained ETFSI and SHF barrier is underestimated by

about 4 MeV, as it is obvious in Fig.3.28.
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Chapter 4

Conclusion

The following conclusion can be drawn from our calculation, within covariant

density functional theory, that was devoted to the fission barrier height Bf , in

the pre-actinide region 80 ≤ Z ≤ 86. Three different classes of models with

parameterizations NL3*, DD-PC1 and DD-ME2 were used in the calculations.

• The above presented model has been successfully applied to more than 20

even-even selected isotopes, for Hg, Pb, Po, and Rn nuclei, for which data

exist. Only for Hg (98 ≤ N ≤ 102) and Pb (N = 178, 180), more than

one saddle point has been observed (for these nuclei, we consider only the

highest one). On contrary, Po and Rn nuclei did not exhibit this feature.

• The question arise, as to whether the double barriers that we found out

are real or not. There is certainly, no experimental confirmation for the

double-humped barriers that we predicted.
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• The tendency for saddle point emergence to a lower deformation, has been

observed, as a result of neutron number increasing. It should be noted that,

for a given value of Z there is, of course some isotopic variation, in particular

for the heavier isotopes in each isotopic chain, in which, we found out the

barrier take place at higher deformation again.

• For each nucleus, fission barrier heights were presented, as well as their de-

formation parameter β2, obtained in the three parametrizations. Fission bar-

riers heights and positions tend to be very similar in the three parametriza-

tions. The DD-ME2 parametrization produces barriers which are(on aver-

age) with difference not exceeding 1.6 MeV, higher than the ones obtained in

the NL3* and the DD-PC1 parametrization, for all of the nuclei in question.

• In Fig.4.1, we display the height of the fission barrier Bf , for these nuclei, as

the difference between the highest saddle-point and the ground-state energy.

The barrier heights were as follows; in the range of 4.33-23.45 , 3.68-26.44,

4.16-24.45 and 4.08-22.69 MeV, for Hg, Pb, Po and Rn isotopes, respectively.
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Figure 4.1: Contour map of calculated fission barrier heights Bf for even-even
pre-actinide nuclei in the range of proton number 82 ≤ Z ≤ 86 and neutron

number 94 ≤ N ≤ 148.

• We found out that, for given value of Z, the barrier tend to increase with

N, the calculated heights show a maximum at N = 126, and then with

increasing N fall to a minimum at around N = 140. While the height of the

barrier remains remarkably constant as Z increase, for a given value of N.

• No comparison with experiment is yet possible, for most of the calculated fis-

sion barriers in the pre-actinide region. Fig.4.2 show the differences between

experimental and calculated heights of fission barriers, obtained in different

theoretical models as a function of neutron number N.
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Figure 4.2: The difference between experimental and calculated heights of fis-
sion barriers, as a function of neutron number N. The results of the calculations
within CDFT, FRLDM, ETFSI and SHF are shown. Note that this comparison

covers only results with known experimental barriers.

• The average deviation per barrier δ [in MeV] displayed in Fig.4.2, is defined

as δ =
∑N

i=1 | Bi
f (th) − Bi

f (exp) | /N , where N is the number of the bar-

riers with known experimental heights, and Bf (th), Bf (exp) are calculated,

experimental heights of the barriers.

• One can see from Fig.4.2, that The largest discrepancy of our calculation

with the experimental data, is about 8 MeV, obtained for Hg isotopes. The

agreement is better for Pb, Po and Rn isotopes in this restricted region.
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• The agreement with experiment is the best for the FRLDM calculation, with

deviation of 2.18 MeV. Nevertheless, our calculation is reasonable comparing

with the ETFSI and the SHF ones.

• Theoretical evaluations of fission barrier heights based on various models,

differ between each other significantly. Important differences can, however,

be observed in the shape parametrization of a fissioning nucleus, and thus

in the deformation space used in the calculation.
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[8] P. Möller, J. R. Nix, and K. L. Kratz, At. Data Nucl. Data Tables 66, 131

(1997).
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[11] P. Möller, A. J. Sierk, and A. Iwamoto, Phys. Rev. Lett. 92, 072501 (2004).
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[67] P. Möller, J. R. Nix, Nucl. Phys. A. 361, 117 (1981).
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